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ON THE DYNAMICS OF A SOLID ON AN ABSOLUTELY ROUGH PLANE™

A.P. MARKEEV

An attempt is made to find a theoretical basis for some dynamic effects discovered
experimentally in one problem of solid body dynamics on a plane, namely, the problem
of the motion of the "celtic stone" /1—4/. The main attention is given to oscilla-
tions of a solid close to the equilibrium position or steady rotation. The motion
is assumed to oocur without friction and the supporting plane is fixed. Small oscil-
lations of the body are briefly considered in the neighbourhood of its steady rota-
tion about the wvertical. An approximate system of equations is obtained which
describes non-linear oscillations of the body in the vicinity of its equilibrium posi-
tion on a plane and a complete analysis is given. The results of the investigation
agree with experimental observations /1,3/ of the changes in the direction of rota-
tion the celtic stone about the vertical without any external action, and the origin
of rotation in any direction due to oscillations about the horizontal axis.

The dynamics of the celtic stone were first investigated in /2/. It was shown that the
rotational stability of the body about the vertical depends on the direction of rotation, and,
it was also concluded that it is possible for the body to rotate about the vertical due to its
oscillation about the horizontal axis. A rigorous solution of the problem of the stability of
the body about the vertical in the absence of slip is given in /5-7/. Numerous experimental
conclusions on the motion of the celtic stone are confirmed by numerical integration of the
equations of motion in /8/. 1In /4/ an abstract mathematical model of celtic stone was proposed
without analyzing its correspondence to a real solid on a plane. **

1. Let a heavy solid under the action of an initial shock perform a motion in which it
rests on one point of its convex surface on an absolutely rough stationary horizontal plane.
Let Ozyz be a stationary system of coordinates with origin at the point O of the supporting
plane 2z =0. The Oz axis is directed vertically upward. The system of coordinates Ginl,
whose axes are directed along the principal central axes of inertia of the body is attached to
the body. We take the three Euler angles and the two coordinates x and y of the body's centre
of mass in the system Ozyz. The third coordinate z of the centre of mass is the distance of
that centre from the support plane taken with a positive or negative sign depending on whether
the centre of mass lies above (as in Fig.l, which is typical for the celtic stone) or below
the support plane. The heavy solid on a fixed horizontal plane is a non-holonomic Chaplygin's
system /10/. The differential equations of motion in Chaplygin's form define the motion of
the solid relative to its centre of mass, and can be considered independently of the equations
ofnon-integrable couplings that express the absence of slip.

It can be shown that the angle of
precession ¢ does not appear in the equa-
tions of motion /7/, and that they have
the particular solution

6 ==n/2, ¢ =0, ¢ =0 = const (1.1)

which corresponds to rotation of the body
at an arbitrary constant angular velocity
© about the axis Gn in a vertical posi-
tion. Let =z, 2;, T; be the perturbations
of the quantities 6, ¢,¥. The equations of
I perturbed motion are

z

Fig.1l

*Prikl.Matem.Mekban.,Vol.47,No.4,pp.575—582,l983
**When this paper was in press, the author became aware of the paper by Pascal /9/ which also
deals with this problem. The main results obtained in /9/ follow from Sect.4 of the present
paper.

473



474

(4 + mh®) z," = mihor,” — ({4 4 € — BY + 2mh® — 1.
mhhl oz, "+ {C —~Byo* +m — L) (g + o) 2, —
mi (g + o'h) z, + X,
(C+mh®yz," =14 + C — B) + 2mh® — mlh] oz, —
mlhozy — mi (g + o'h) 2, + (4 — B) o® +
mk—1)(E+ o))z + X,
Bxy = X,
Xy = {mlhz, — (4 + C — B) + 2mh® — mlil =, + (1.3}
20(C — B) +mh (2 — L)l 2, — 2mihox,} 24 + F,
Xy = {{{4 + C — B) + 2mh® — mhsh] z;" — mihzy —
2mihoz, + 20 (4 — B) +mh (b — L)l 2,} 2, + Fy
Xy = {mihz, — (A]— B) + mh (b — )] 23} 2,~ + {IC +
mh(h — )] 2, — mihz)as” + (B + C — 4) 7'z’ + m (3h —
ry = 1a) lo (2,2, +
Z2y) — @ 2{(C — B) + m (2h? — 3Lk + r2costa +
r,z sin? a} $1xl‘ -
0[2( — B) +m (2h* — 3Lh + r?sin® o + 1,? cos® a)lzery
l==(ry—r)sinacosa, I, =rysin’a +r,cosa
I, =rycos®a + rysinfa

to

where m is the mass of the body, g the acceleration due to gravity, 4, B, € are the moments of
inertia of the body about the axes G, Gn, GL{, % is the distance of the body centre of mass
from the support plane, taken with the appropriate sign in the unperturbed motion (1.1), n
and r, are the principal radii of curvature of the body surface at its point of contract with
the plane, and a« is the angle between the G{ axls and the curvature line corresponding to r,
read counterclockwise from the Gf axis loocking along the (1 axis, which in (1.1) is vertical,
toward the origin G. fThe guadratic forms in zy, 2z, (I = 1, 2) are denoted by F,and F, their
explicit form is not required.

2. The characteristic equation of the linearized system of equations of the perturbed
motion (1.2) is written in the form /7/

A(PA 4 QoAd 4- BA2 4+ QoA + 5 ) =0 2.1)
P = (A ++ mh¥ (C + mh%), G =mth (A — ()
R=l{A+C—B+2mh* — (4 +C —~ B+ 2mh¥mh (r; +

) +mrnl o — (4 +mh) 4 —B)o* +mph—

L) (g + wh)] — (€ + mh?) (€ — B) @® + m (2 — L) (g + w'h)]
S=@A—-B)(C~B)e'+m@g+ o) *ld (r—1) +

Cth—1l) —B@Rh—r —r))l +m?(g + %) (h—r) (h —ry)

The conditions

(R—Poo? —§>0, §>0 (2.2)
(A —~C)(rp—r)sinacosa>0 {(2.3)

were obtained in /5-7/. When they are satisfied, the motion (1.l) is asymptotically stable
relative to perturbations of the quantities €,6,¢.,9. Inequality (2.2) imposes constraints
on the mass distribution, the body surface geometry and the magnitude of the angular velocity,
while inequality (2.3) imposes constraints on the sign of the angular velocity (the direc-
tion of rotation) of the body. If 4>0, i.e., in the unperturbed motion the centre of mass
of the body lies above the support plane, then in steady rotation the smaller horizontal axis
of the central ellipsoid of inertia moves ahead of the line of minimum curvature of the body
surface at its point of contact with the plane; when A< 0 the pattern is reversed.

It was also shown in /5—7/ that instability occurs if only one of inequalities (2.2} or
(2.3) is viclated. This implies that when @=0, the steady rotation (1.1) is unstable for
fairly small ®, irrespective of its sign, since for small w inequalities (2.2) are incompat-
ible.

If at least one of the quantities o, h,4 — C, 7y — ry, sin 2a¢ is zero, then @ =0 and in-
equality (2.3) is not satisfied. The characteristic equation (2.1) has, as before, a single
zero root, and the remaining four satisfy the biquadratic equation. Let the biquadratic
equation have two pairs of purely imaginary roots ==iey, =i®e{@> w;>>0). Then, the motion is
stable 1n the linear approximation. Let us consider the roots of Eq.(2.1) for small Q. The
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calculations show that to a first approximation in Qw, the roots =kiw; (j = 1,2) in addition to
corrections to their imaginary parts, also have real parts x;(§ =1, 2}
- Qo (0 — ;) (2.4)
M= TZTA b (C F mh?) (o — 67)

Qo (o) — 0?)
Re == 5 TA - mh?) (C + mhY) (wrF — @)

Suppose Qe >0, i.e. inequality (2.3) is satisfied. It then follows from (2.4) that for
@ < @* < 02 we have x; < 0(j =1,2) and the small oscillations of the body close to its
stationary rotation (1.l), are exponentially damped. If O0< @®<C 0,2, then % ,<0,% >0
and the high-frequency oscillations (or frequency ;) are exponentially damped, and the low-
frequency oscillations (of frequency ®,) increase exponentially. If, however, o> %, then
conversely, the low-frequency oscillations are damped, and the high~frequency oscillations in-
crease. when Qo <0 the development of small oscillations is the opposite.

3. Let @e=0 in (1.1}, i.e. the body rests on the plane on a single point of the &%
axis which is vertical. The necessary and sufficient condition for this equilibrium position
to be stable is, according to /5/, inequalities ry >k, ry >> h. Assuming that this condition is
satisfied, we will consider the motion of the body close to the position of eguilibrium.

The egquations of perturbed motion have the form

(4 + mh%) 2" = mg (b — L) 2, — mgla, + X, (3.1)
€ +mh?)y 2" = —mglz, + mgh — L)z, + X,, Bz, = X,
where X;(j =1,2,3) are the respective functions of (1.3) calculated for @ = 0. We change
the variables z,, Zs» Ty —> Yy, Y. ¥, in system (3.1) which reduces the first two of its linear-
ized equations to the form corresponding to normal oscillations.
The frequencies £, £; {R,> Q, > 0) of normal oscillations satisfy the eguation

(A4 + mk?) (C + mh?) Q' — mg (A + mh?) (I, — k) -+ (3.2)
(€ + mh®) (I, — )] Q* - (mg)? (r; — h)(ry —B) =0

The reduction to standard coordinates y;, ¥; is obtained by changing the variables

Z, = Uyys + s, Tz = Unly + Usalls, T3 = s (3.3)
uyy = kymgl, uy; =k [A4 + mh?) QF + mg (h — L)
ky = {(4 + mh®) (mgl)® + (C + mh®) [(4 + mh®) Q2 +
mg (k. — L)I*y
=12
In the linear approximation with respect to =z, % the equation of the trace of the
contact point M on the body surface is
(= —=lz; () — Lz (), L@ =ln ) +1z(@)
Hence it follows from (3.3) that for the j-th normal oscillation (with frequency Q,;) the
tangent to the trace of point M makes an angle B; with the &, axis calculated from the form-

ula
g By = — Uy by )/ (hotey -+ By ) (=1, 2)

Hence we see what the perturbations 2,z should be, if the body is to perform high-
frequency (of frequency Q,) or low-frequency (of frequency £, )small oscillations.
In variables Uy, VY3, ¥3 Eqgs. {(3.3) take the form

N+t = (e + aaly) ¥y + Gy (3.4)
¥+ Rty = (b’ + bal) ys + Gy

By, =Y,

a; = (Calbgy + Caling) Uyy + (dyligy + dytiyy) Uy (3.5)
by = —{eyug + cqutyy) Uy — (Ditay + attyy) Uy

=12
cl:___“m_lh__ cﬁ=(A+C—B)+2mh’-—~ml,h
ATman A C+mhHa
g ATC—By t2mm—mlp mih
1= (4 - mki & v RET TrmeA

A =kykamgl (A 4 mh®) (* — ;9

Yy = —(u Q% + w1y {mih gy, + ey} —
{4 — B) + mh (b — 1)} (ugyyy + Ugalia)} — (unf:%y, +
ugaf,ys) {[C - mh (b — LY (U + tigys) — mik (ugy, +
Ugeyn)} + (B + C — A) (Unys’ + Ugals’) (Uarlty’ + Uagyy)

(3.6}
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As in (3.1), terms of higher order than the second relative to perturbations have been
2m.;1):ted in system (3.4). We denote by G, G; the quadratic forms of the variables y, y, (j =
, 2)
To investigate the non-linear system (3.4) we reduce it to the normal form /11/, and,
first, make the change of variables

n=gEt, =gt = azh o =2H (3.7
Ya == 2Zg
In variables 2 (k= 1,...,5) the linear part of system (3.4) has a diagonal form and

the derivation of its normal form reduces to separating resonant terms from the non~linearities
on the right-hand sides of the transformed system (3.4). Wwhen ;3 2Q,, the structure of
the normal form is independent in Egs.(3.4) of the quadratic forms G;{j = 1,2) or, what is
the same, of the quadratic forms F; in (1.3), Assuming that ;= 20Q,, we obtain the follow-
ing normal form of system (3.4) written in complex variables:

3y = U2 + CroomiZs, 35 = By + Coromteis (3.8)
zy = —ifiZ, + ConmBy®s, % = —ifdyZ, + Copeutets

25 = Croreefafs + Coro10%a%s

C1g001 = Coerer = 81/2, Corgor == Copon1 = b2/2

C1o100 = Mh (ry — ry) Q) [{ug,® — uy,?) sin @ cos @ — uy,Uy; cos 2al/(25)
Coro10 =M (rg—ry) Q3? [(Ugy®~Us?) Sin @ CO8 & —liyqligg c03 20}/ (28)

Introducing real polar coordinates in conformity with the formulas

(3.9)

2y == py (008 0y -+ i 8in 6,),2, = pg {COs 05 + i sin Ty),
By = 2y, 24 =y, By = Py

and carrying out scme operations using formulas (3.3) and (3.5}, and the frequency equation
(3.2), we obtain the normalized system of equations of perturbed motion which is then split
into two independent subsystems

oy = —afdi’;ipy, Ps = ally’0spy, By = o Q2 — Q%Y (3.10)
0 = £y, 0y = Q, (3.1

= (A-—-C)mk(r,-—-qgsinamsm
2(4 - mh?) {C + mab) (@y® — Qo)
Terms of order higher than the second in (3.10), and those higher than the first 1in
or (k=1,2,3) in (3.11) have been omitted.

4, In the g-neighbourhood of the equilibrium position, the right-hand sides of Egs.
(3.10) and (3.11) differ from the respective right-hand sides of the exact equations of per-
turbed motion by quantities of order g* and &%, respectively. The solutions of the exact
equations are approximated by the solutions of system (3.10) and (3.11) with an error of ef
for p, and of order & for Oy in a time interval of order ¢! Restricting the calculations
to this accuracy, we shall consider the approximate system (3.10), (3.11) instead of the
complete equations of perturbed motion.

Equations (3.1ll) are readily integrable. We obtain o;(t) = Q;t+ 0;(0) (j =1, 2). System
{3.10) has the integrals

Q%% + Qo’ps® + Bpy* = Bu? (0> 0) 4.1
pipe = v (% = Q,¥0Q,% {4.2)

where p and v are constants determined by the initial conditions.

The trajectories of system (3.10) are respresented in Fig.2 in space gy, ps, Py They lie
in the region p,>»0,py >0, and represent curves representing the intersections of the sur-
face of the ellipsoid (4.1) and the cylindrical surface (4.2). We use the notation Ay =
B, (j = 1,2). For a given constant p the quantity v must satisfy the inequalities

0 v vymnt (Butk/[(1 + %) RuA]parrs

If v>>v, the motion is impossible. The plane pQ, == p,R,* on which the right-hand side
of the third equation of system (3.10) vanishes is shaded. The trajectories are symmetrical
about the plane pg=0. The direction of motion along the trajectories is indicated by the
arrows. It is assumed that ¢ >0; when 2< 0 the motion is in the opposite direction.

Let us consider the properties of the solutions of system (3.10}) and their relations
with the properties of motion of the solid in the plane. The points P,=(0,0,un), P,=10,
0, —u), P, = (p1% pa® 0) in Fig.2 denote the equilibrium position of system (3.10). Steady ro-
tations about the vertical are denoted by the points P; and P, respectively, counterclock-
wise at an angular velocity p and clockwise at an angular velocity —Q. Both rotations are
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unstable, as implied by the linearized equations (3.10}), and illustrated in Fig.2.
The equilibrium position P, corresponds to condition-
ally periodic, or periodic oscillations of the body, when
0,/Q, is a rational number (not equal two, since the case
when £, =20, is excluded form consideration}. Then

e Bxr H o, . I [ B ]’I‘x _
"1“"?27(“?—?7)’ Ca vl T e I B

The effects that are characteristic of celtic stones
/1=3/ are not observed: oscillations about the horizontal
axes do not induce rotation of the body about the vertical

(ps= 0). To investigate the stability of the oscillations
we use the Liapunov stability theorem /12/. We construct a
function ¥V in the form of the bundle of integrals (4.1} and
{4.2). Setting m=p"+ Ry, p =0’ + By, ps = Ry, we Yevwrite them
in the form

Vi= Ry Ryt L RBP4 b Bp4 B Ryt const

2° 20° 2p,°05*

h J—
Vz=:R|+R:+91’—0131’+%‘-:-Rlﬂz"“glzpzoiR’.‘)'"' == const
g

¢

Fig.2

The dots in the formula for ¥, denote terms of higher order than the second with respect
to perturbations R, and R, We set V=V, — ¥,+ Q3V¥(2%,") and obtain the formula

v =_-3%als+ .p:TR,=+ 27’%}.,3,:.}. (4.3)
Since the function (4.3) is positive definite, the oscillations considered are stable with
respect to perturbations pi,ps. p. This conclusion is illustrated in Fig.2, where the point P,
is surrounded by closed trajectories lying on the ellipsoid (4.1), as close to that point as
desired,
The system of Egs. (3.10) has the following particular solutions:

P =0, p (t) = Ay 8ch 16, (¢ + e)l, py = R th {6, ¢ + &)l (4.4)
(8 = —apy?, ¢, = 6,7t Arth lp, (0) / pl)
01 (1) = Ay 8ch [8; (¢ + el ps = 0,9, = p th 1§, (2 + €,)] {4.5)

(8, = apQ;®, ¢, = §;"* Arth Ip, (0) / p))

in which @, or p,are identically equal to zero.

These solutions are represented in Fig.2 by asymptotic trajectories that connect the
unstable eguilibrium positions Pjand P,

Solution {4.4) corresponds to motions of the body, when it rotates about the vertical and
executes low-freguency oscillations. If p(0)<{ 0, i.e., at the initial instant the body
either is not rotating about the vertical, or is rotating closkwise, then in the course of
time the "amplitude" of the oscillations p, decreases monotonically (when >0, as in Pig.
2) from the initial value p,(0) to zero, while the angular velocity increases in absolute
value. In the limit the body performs pure rotation about the vertical in a clockwise direc-
tion at an angular velocity —p. If, however, p,{(0)>0, i.e, at the initial instant the bhody
is rotating counterclockwise, the limit of the body motions is the same as when p, (0) 0, but
the evolution of the motion is entirely different. When 0« t < t, = —¢; , the oscillation
amplitude p; increases monotonically and the body rotates about the vertical counterclockwise
at decreasing angular veloocity. At the instant ¢=={, the angular velocity vanishes and the
oscillation amplitude p; reaches its maximum value 4,. When ¢7>1i,, the body already rotates
clockwise at an increasing absclute value of angular velocity, and the oscillation amplitude
decreases monotonically. Thus when p,{0)>0, during the time of evolution of the motion a
change in the direction of rotation of the body about the vertical occurs only once.

Solution {4.5) defines a motion in which the body, while rotating about the vertical,
performs high~frequency oscillations. The analysis of the evolution of the motion is similar
to the preceding case. The limit motion here is a pure counterclockwise rotation about the
vertical at an angular velocity p. If at the initial instant the body is rotating clockwise
about the vertical, then at the instant ¢ = —¢, a change in the direction of rotation occurs,
At that instant the oscillation amplitude p, reaches its maximum value A4,

Let us now consider solutions of system (3.10) that are different from those of (4.4),
{4.5) and from the equilibrium position P;(i =1,2,3). From the integrals (4.1) and (4.2) we
have
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P = V0%, Py = f (py) {4.6)
f o) == 2+ B — QP
Bip*

Substituting p,; from (4.6) into the first equation of system (3.10) and separating the
variables, we obtain

L S 2
7 o0 TFafd %t (4.7

If the function p,{f) is determined from (4.7), then p;(t) and p,(f}) are calculated us-~
ing Egs. (4.6).

It is not possible, in general, to cobtain an explicit analytic expression for the func-
tion p; {¢). Bowever the qualitiative nature of the motion may be directly obtained from the
system of Egs.{(3.10). For example, at the initial instant of time let the right-hand side of
the third equation of system (3.10) and the quantity p, be positive. The pattern of motion
is as follows (Fig.2). When ¢ >0 the body is rotating counterclockwise about the vertical
more and more rapidly (ps; is increasing); the amplitude of the high-frequency oscillations of

py decreases, and that of the low~frequency oscillations p, increases. This ultimately re-
sults in the right-hand side of the third equation of system (3.10) vanishing; in Fig.2 this
corresponds to the instant at which the trajectory intersects the plane pQ,% = p,2,%. At
that instant the angular velocity pyof rotation about the vertical reaches its maximum and
begins to decrease, remaining positive (the body continues to rotate counterclockwise about
the vertical, and p,, as before, decreases and p, increases. This countinues until the angular
velocity vanishes. At that instant p, and p, reach their minimum and maximum values, respect-
ively, and then p, begins to increase and p, to decrease, while the body is already rotating
in the opposite direction (clockwise) (p, <<0) at an ever—increasing absolute value of the
angular velocity. The decrease of p, and increase of p, results in the right-hand side of
the third equation of system (3.10) again vanishing (in Fig.2 the trajectory again intersects
the plane p,Q,* = p,2,%, but in the region of negative p,). At that instant the angular vel-
oscity of the body in clockwise rotation reaches its maximum in absolute value, after which
the rotation of the body begins to slow down, p; continues to increase, and g, continues to
decrease. This pattern continues until p, vanishes, when p, and p, reach their maximum and
minimum values respectively, and the body changes its rotation from clockwise to counterclock-~
wise. The pattern of motion is subsequently periodically repeated. The closed trajectory
in Fig.2 corresponds to the cycle of motion described. The period of oscillations may be
determined using Eq. (4.7).
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